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Abstract A general method to extract thermodynamic quantities from solutions of the
Einstein equation is developed. In 1994, Wald established that the entropy of a black
hole could be identified as a Noether charge associated with a Killing vector of a global
space-time (pseudo-Riemann) manifold. We reconstruct Wald’s method using geomet-
rical language, e.g., via differential forms defined on the local space-time (Minkowski)
manifold. Concurrently, the abstract thermodynamics are also reconstructed using
geometrical terminology, which is parallel to general relativity. The correspondence
between the thermodynamics and general relativity can be seen clearly by comparing
the two expressions. This comparison requires a modification of Wald’s method. The
new method is applied to Schwarzschild, Kerr, and Kerr—Newman black holes and de
Sitter space. The results are consistent with previous results obtained using various
independent methods. This strongly supports the validity of the area theorem for black
holes.

Keywords General relativity - Thermodynamics - Black holes

1 Introduction

Some gravitational phenomena are known to have thermodynamic interpretations. It
was first pointed out by Bekenstein [1] that black holes have entropy and follow the
second law of thermodynamics. After the pioneering work of Bekenstein and Hawking
[2], intensive discussions revealed thermodynamical aspects of black holes. Now, four
laws of black hole mechanics [3] are widely accepted: The zeroth law states that
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the thermodynamic quantities, such as the temperature and surface gravity, remain
constant over the horizon of a black hole [4,5]. The first law can be expressed as [3]

dMy = (kc/8tG)dAy + QudJ + ® dO, (1)

where M is the mass of a black hole, « is the surface gravity, Ap is the area of the event
horizon, G is Newton’s gravitational constant, Q2 is the surface angular velocity, J is
the angular momentum, @ is the electromagnetic potential, and Q is a charge. For (1)
to be the first law of thermodynamics for a black hole, the relationship between black
hole quantities, k, Ay, and the thermodynamic quantities, temperature and entropy,
must be clarified. The temperature of a black hole can be equated with the Hawking
temperature [2], Ty = ik /2 ¢, which is obtained using a semi-classical treatment of
the particle radiation from the surface of a black hole. The entropy can be obtained
from the area theorem [2] for black holes: Sy = Ay /413,, where Sy is the entropy of

a black hole and [, = \/Gh/c3 is the Planck length. Using these relations, the first
term of the r.h.s. of (1) can be rewritten as k¢/ (8w G)d Ay = Tud Sy, which allows a
thermodynamic interpretation of (1). The area theorem is obtained in multiple ways
for various types of black holes [6-9]. Wald proposed equating the Noether charge
with the entropy of black holes [7]. Wald’s method is applicable to a wide variety of
Einsteinian and post-Einsteinian gravitational theories [10]. The black hole entropy
has been discussed from both classical and quantum approaches [11-26], and also
string theoretically [27-31]. A nice overall review article can also be found [32]. Gour
and Mayo demonstrated that the entropy of a black hole is (nearly) linear in the area
of the horizon [33]. The relation between black hole entropy and the Noether charge
is discussed by many authors [34—41]. In addition to those studies, the importance of
boundary terms plays the essential role of the black hole entropy, that is first pointed
out by Yoke [42]. Especially, the necessity of null boundary is discussed by Parattu
[43,44]. Interesting discussions related the boundary terms can be found in Refs. [45—
50]. In spite of these intensive studies, the area theorem for a black hole entropy has
not yet been proven generally.

We propose a new method to extract entropy from the general relativistic theory.
Our method is sufficiently general to discuss the thermodynamics of a wide variety of
solutions of the Einstein equation with an event horizon. The Lagrangian and Hamil-
tonian formalisms are given in a completely covariant way in Sect. 2. In Sect. 3, the
abstract thermodynamic system is rewritten using the terminology for a geometry that
is parallel to the treatment for general relativity given in Sect. 2. The new method is
applied to black holes and the de Sitter space in Sect. 4, and then the area theorem
is examined for these examples. Finally, a summary is presented in Sect. 5. Physical
constants are set to unity, e.g., 4rG = h = ¢ = 1, in this work unless otherwise
noted.

2 Vierbein formalism of general relativity

First, classical general relativity is geometrically re-formulated in terms of a vierbein
formalism. The formalism and terminology in this section primarily (but not com-
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pletely) follow Fre [51]. The vierbein formalism of general relativity can be found in
other textbooks [52-57] too.

In our formalism [58], a spin form 1w and a surface form S, are treated as
fundamental phase-space variables. The spin- and surface-forms are respectively
defined in a local Lorentz manifold M as w% = a):lbnbuzdx“ and Sy, =

ealazblbzé’ﬁ‘é’ﬁndx“ A dx" /2, where o/}, is a spin connection and & is a vierbein.
We use a local Lorentz metric n,, = diag(l, —1, —1, —1) and a Levi Civita tensor
(symbol) €p123 = 1 on the local Lorentz manifold M. A torsion two-form ¢ can be
defined as T¢ = d\,¢“ using a local SO(1, 3) covariant derivative dy,. In this work,
the Fraktur letters are used for differential forms, and Greek- and Roman-indices, both
run from zero to three, are used for a coordinate on the global and local space time
manifold, respectively. A curvature two-form and a volume from are introduced as
RN = dro®® + v A2 and b = €4,ay030,¢" A €% A €% A %4 /4], Tespectively.
The Einstein—Hilbert gravitational Lagrangian is expressed using these forms as;

1 A
L6 => <9%“1“2 A Gayay — —n> , )

where A is the cosmological constant. The Einstein equation and torsionless condition
can be obtained as a Euler-Lagrange equation by taking a variation with respect to the
surface and spin forms, respectively.

Next, we rewrite the classical gravitation theory in the Hamiltonian formalism in a
completely covariant way. The gravitational Lagrangian form (2) can be represented
as

1 1
£ = Ef)ﬁ{alaz A Gamz + mA Ealaza}m@ﬂltlz A 601112’

1 A —
5 <dma|a2 + m(nb A mbaz _ §6a1u2> A Galaz’ (3)

where €“1923% = —e; 4,454, 18 used. Here, a new operator, called the e-conjugate
operator, is introduced for shorter representations including Levi-Civita tensors. This
is a map that maps a rank-p tensor field to a rank-(n — p) tensor field defined on an
n-dimensional space-time manifold such that

_ 1
al-—a, _ = _ by-b
qdldp — Clgl...ayhp = pebl'”bpal"'anfpa P
e |
Qaya, = qélan—p — _Fem an—pb) bpabl»--bpa

where a is an arbitrary form of a rank-p tensor and € is a completely anti-symmetric
tensor in n-dimensions. Note that @ = a when a is anti-symmetric with respect to all
indices. The surface form can be expressed using the e-conjugate operator as G, =

¢? A ¢b. Therefore, the e-conjugate of the surface form, which appears frequently in

. . —<ab - . . .
later parts of this report, is " = Sup =4 A ¢”. In the four-dimensional manifold,
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the identities

a = = Cc1cc
al/\cal zyaclcch/\CIZS’

b1b " ™ b1b
67172 A B b, = bppy, A B2

are satisfied for any rank-1 tensor a?!, rank-2 tensors b2122 and B81%2 and rank-3
tensor ¢“12%3. Note that the e-conjugate is not the same as the Hodge-star operator,
whose definition includes the metric tensor. One has to avoid to use the Hodge-star
operator to construct a gravitational theory because the metric tensor can be obtained
only after solving the Einstein equation.

For the Lagrangian density of the gravity, it is impossible to specify which terms
are kinetic and potential energies. This is reasonable because the gravitational energy
cannot be defined locally in general relativity. Moreover, even on a local Minkowski
manifold, the discrimination between kinetic and potential energies is frame depen-
dent. For example, no gravitational (potential) energy exists in the local inertial frame.
Start from the Lagrangian density form (3):

=daiaz

1 ara A
EG = 5 <®Al z(m, 6) 4+ 56 > A thldz’ (4)

where

U (10, B) = dw™® + ) A wP® — 23—?@””“2.

Using this two-form, the Einstein equation can be expressed as
byb b
6ab1b2b3Q5Al 2AeB =0. )

Under these conditions, a covariant Hamiltonian formalism is introduced as follows.
First, to is identified as the first canonical variable. Then, the second canonical variable
9N (the canonical momentum) is introduced as

8L¢

Maya, = W = Guya-

(6)

The reason why the spin form is taken as the first canonical variable will be discussed
in Sect. 4. Therefore, the two fundamental forms {r, 91 = &} form a generalized
phase space. The Hamiltonian density can be obtained as

1
ﬁG = Edmalaz N 9:)’tallaz - 'SG’

—<aiaz

1 A
_ (_malb A roP® 4 56 ) AGyias- (7

2
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Note that this Hamiltonian density does not contain any information concerning the
dynamics (the derivatives of the fields). The canonical equations can then be obtained
immediately:

96 b3

b1b b
Eah1b2b3m A €7 = €upbybyd107172 A €73, (8)
102
Jale
W Aet = —dmab N (9)

The first equation of (8) gives the equation of motion:

1 A —
(Emamz _ §6a1a2) A Galaz =0, (10)

which simply leads to the Einstein equation, (5), and the second equation of (8),
dwGap N e =2T NG, =0, (11)

leads to the torsionless condition, as expected.

3 Geometrothermodynamic formalism

In this section, before discussing the thermodynamic aspects of the gravitation, the
thermodynamic system is rewritten using geometrical terminologies. The formaliza-
tion is based on that of Ref. [59]; however, it is rewritten according to the conventions
of this work. Here, we confine our attention to the formal relationships between the
thermodynamic variables and ignore their physical meanings.

A characteristic function of the thermodynamics can be introduced as

fip = =TS+ pV + uN. (12)

Connotation of each variables is that S is the entropy, T is the temperature, p is the
pressure, V is the volume, N is the number of molecules, and w is the chemical
potential. These variables can be categorized into two types: extensive and intensive
variables. According to the natural connotation given above, £ = (S, V, N) are
categorized as extensive variables and ¢ = (T, p, i) are intensive variables, where
a = 0, 1, 2. We assume the existence of a smooth three-dimensional base-manifold
Mtp and & and ¢ are vectors belonging to the tangent and cotangent bundles on the
manifold, respectively.

Even though the thermodynamics can be constructed starting from either £ or ¢¢,
here an extensive set is considered to be the first canonical variables (the coordinate
space). Therefore, the intensive variables are considered to be functions of the exten-
sive variables. According to Ref. [59], S is considered to be the order parameter of the
system and T = dftp/dS is considered as the “Hamiltonian” (with a narrower mean-
ing compared with the discussions in previous sections that induce a “time” evolution
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in the system). The intensive variables are not independent of each other; however, T
is assumed to be independent of S. Therefore, we can write the intensive variables as

T=T(V,N,p, ),
p=p(S,V,N), (13)
w=pu(S,V,N)

The characteristic one-form is introduced as

oTp = 77ala2§alxa2 = Ca}'a,
= —TdS + pdV + udN, (14)

where the metric tensor is chosen to be 1,, = diag(—1, 1, 1) and the one-form is
defined as t* = d&“. The characteristic one-form can be thought of as an internal
energy totp = —dU. This metric tensor suggests that the system has a SO(1, 2)
symmetry and is consistent with an interpretation that the variable S plays the role
of “time” (i.e., an order parameter) and “T” plays the role of an energy (i.e., the
Hamiltonian). The characteristic two-form (the Lagrangian-density form) can also be
written as

L£1p = dWTD = Nayar3™ N2 = 30 A7,
=—dT ANdS+dpAdV +dundN, (15)

where 3 = d¢“. The Lagrangian form is a closed form because d £tp = 0 from the
definition. Therefore, a base manifold Mp is a symplectic manifold with a symplectic
potential of Op = torp. The intensive variables are recognized as the canonical
momentum:

8L
= e

=dg,. (16)

da

The action integral can be expressed as

21D =f £TD=f TD, (17)
» 2 ax (D)

where the integration region ¥ is an appropriate two-dimensional manifold embed-
ded in the base manifold M and 3= (! is its boundary. The equations of motion that
represent the Maxwell relations of thermodynamics can be obtained in an explicitly
coordinate-dependent manner. The variational operation of the characteristic one-form
with respect to £0 = S is

ssorp = — (2 Las+ 2L ap+ T 0 ) o5+ Pavss + Panss — 15 @s)
SPTD =~ 3 ap P T o ds ds ’
aT 4T AT av aT  dN
(- s Vas+ (- ) ap+ (-2 + ) ap|5S — a(Tss),
[( aS+dS> +< ap+ds) p+<3u+d5> “] (7o%)
—0. (18)
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Therefore, the equations of motion are

dT  aT dv. 39T dN 9T
SN WA (19)
ds 9§ ds ap dS ou
where the surface integration vanishes without applying any boundary condition
because 9(3XV) = 0 (a boundary of a boundary does not exist). Other sets of
Maxwell relations can be obtained using variations with respect to V or N. The above
equations represent the canonical equation of motion with the following interpreta-
tions: § < ¢ (time) and 7 < H (Hamiltonian). These equations can also be written
as the Euler-Lagrange equation of motion in a coordinate-independent manner as
8: 1 = 0 = 3* = 0, which is, of course, equivalent to the canonical equations.
The surface term D5 = £, 5% can be considered as another type of the symplectic
potential.

Next, consider an infinitesimal translation of the characteristic one-form along a
vector field v on the base manifold MTp such that

angD = £1)£TD = (£v5a) A Fa + (dé-a) A £U?aa
= (£v3a) A1 +dDy, (20)
where £,, is the Lie derivative along the vector v* and O,, = ¢, £,t% can be considered
as yet another type of the symplectic potential. Here di* = d3* = 1,9 = 1, =0

are used. The Noether current according to this translation symmetry can be obtained
using 9, such that

Jv = Ov — L. (21
It is confirmed that the Noether current is conserved via the explicit calculation of

dJy =dOy — £,L1D + 1, (dL1D), (22)

= —(£u3a) AN = 0, (23)

due to (20), d€1p = 0, and the equation of motion 3* = 0. Therefore, the Noether
current can be represented using a closed form as J, = dQrp + €, where Qrp is the

Noether charge and € is a term that is zero for the solution of the equation of motion.
We can see that

Ju = d(atol®) — 3ator® — tu(Ga A 1Y),
= d(ator™) — tu3al’, 24

where the second term is zero for the solution of the equation of motion. Therefore,
the Noether charge can be extracted as follows:

Qo = gaLUxa- (25)
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Table 1 Symplectic potential

and the Noether current/charge Name Type Definition

in thermodynamics Symplectic potential 1-form O1p = torp = L1
Noether current 1-form Ju =9Ov — D
Noether charge 0-form Ny = Catyr?

The symplectic potential and the Noether current/charge are summarized in Table 1.

For the case of the adiabatic free-expansion of an isolated gas, in which the tem-
perature remains constant, the meaning given above is the actual physical case. The
vector v = (1, 0, 0) is the “Killing vector” in this context because v, 3 = —dT = 0.
Therefore, the Noether charge can be singled out as

Otp = 100t = —TS. (26)

In this case, the Noether charge is not simply the entropy; instead, it is the temperature
times the entropy.

4 The symplectic formalism of general relativity

A general formalization of the thermodynamics of space-time is formalized in this
section. The method proposed in Wald [7] and Iyer and Wald [8,9] are carefully
rewritten using our terminology.

4.1 General formalism

Let us start from the Lagrangian density of (4). This Lagrangian form has two can-
didates for the first canonical variables. According to the geometrothermodynamic
formulation introduced in the previous section, we would like to start from the inten-
sive variables. The two-dimensional surface form G, can be easily recognized as
an extensive variable. Conversely, the spin form w“ may be intensive because it is
defined locally, independent of the total volume under consideration. Therefore, we
identify the spin form as the first canonical variable, as discussed in Sect. 2.

Taking a variation of the Lagrangian density with respect to the first canonical
variable 4?, one gets

S G = SN2 A g, +dOs, 27
where €419 = 239 A ¢%2 and D5 = 1012 A S,,4,. The second term, d9Os, is
the surface term. When a surface term is set to zero due to the boundary condition,

Hamilton’s principle leads to the equation of motion ¢** = 0, which corresponds to
the torsionless condition €% = 0. Here, we introduce a three-form

1
0 = 0" A Gupay, (28)
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which is called the “symplectic potential”’. Here, we assume the existence of an inverse
of the spin form. Compared with the geometrothermodynamics given in the previous
section, it is identified as the symplectic potential. Using this symplectic potential, the
surface term can be expressed as D5 = SO = SWY2 A Sy, .

Next, consider the Lie derivative of the Lagrangian form with respect to a vector
field X defined on the global manifold. The Lie derivative along the vectors £# € X
of the Lagrangian density becomes

1 A —
£§£G = §£g <Q57\1a2 + §Ga1a2> A Guiay

1 A—
+5 (qsil“z + a6‘““2) A£G ayar. (29)

The Lie derivative and the external derivative are commutable with each other,
Ledo®? = dfer01% by definition. After simple manipulations, we finally arrive at
the expression from (29) without assuming the equations of motion:

1 _
£6£G = dDs + 3 (£gm“1“2 A €y + 6 19 A £56a1a2) , (30)
where
1 aya
Oe = 5£Sm Y2 N Guyay- 31

If solutions to the equations of motion are assumed, the Lie derivative of the Lagrangian
density vanishes up to the total derivative of the function O¢. This symmetry may
ensure the existence of a conserved current such as

Je = O — 1L, 32)

which is known as the Noether current. Here, i¢ is a contraction between the form and
the vector. Therefore, the second term of (32) is a three-form as well as the first term.
The conservation of the Noether current can be confirmed via

dJe = dOs —£:L6 + 16 (dLg) ,
1 _
= <£gmala2 A €y + & 012 A £56am) —0, (33)

where d £ = 0 and two equations of motion are used.

Next, let us introduce a generating function, He, and its density form, §¢, such
that Hz = [ $)¢, where the integration region is the appropriate three-dimensional
manifold embedded in the global space-time manifold. )¢ can be understood as a
generalization of the Hamiltonian introduced in the previous section, which induces a
flow in the system along the general vector fields on the local manifold. For example,
when a time-like vector field can be defined globally in the local manifold and is
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20 Page 10 of 24 Y. Kurihara

chosen as the “time coordinate”, the generating function density form £); is just the
standard Hamiltonian with its narrow meaning, which results in the “time evolution”
of the system.

When the vector field X is defined globally on the entire global manifold, the
generating function with respect to the vector £# € X can be defined in the follow
manner. Take the variation of the Noether current with respect to the spin form to be

Srode = SO — S (t: £6),
= £:60Y1 2 AN Ggpay — £e (Sm“““ A Galaz) +digOs,
=0+ dlgD(s,

where 0 = £:6041? A 84, — £ (610492 A G4,). Here, the equations of motion
are used again. The three-form o is called the “symplectic current”. The generating
function density form is introduced using the symplectic current so that 6y, s = o.
Therefore, the Noether current can be written as

Sm:jg = 8mfjg + dLgD,s. (34)

Conversely, because the Noether current is the closed form for the solution of the
equations of motion as shown in (33), it can be expressed as

Je = d: + €. (35)

due to the Poincaré lemma, at least locally. Here, the three-form € is eliminated using
solutions of the equations of motion. The two-form Q¢ is the Noether charge of the
gravitational field. One can actually calculate the Noether current (32) expressed in
the shape of (35) such that

~

1
\Sf = §£§ma1a2 N 611102 - L%‘S.'/G,

1 1 _
= Ed ((te0™?) Sgyay) — 3 (M) €y 0, + BL? AN 1£Gya,) . (36)
Therefore, one can write the Noether charge as

Qe = = (1e012) Sy 37)

N =

The integration of the equation (34) can be expressed as

8“’[ Je = SwHe +8mf th, (38)
=3 Ix®
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Table 2 Symplectic potential

and the Noether current/charge Name Type Definition

in general relativity Symplectic potential 3-form O =w'l? NGy a,/2
Noether current 3-form 35 = Dg — £
Noether charge 2-form Qe = (,eW192)Eq4, /2

where 2@ is the boundary of =3 From (35), (38), and the equations of motion,
the generating function can be obtained as follows:

My =[ (Q¢ —69).
a5

= /a oA S (39)

The symplectic potential and Noether current/charge in general relativity are summa-
rized in Table 2.

Based on the above geometrical formalization, one can now single the “entropy”
out from the general relativity system by comparing the results in Sects. 3 and 4. In
general relativity (G R), the first canonical variable is taken to be w4 which may
correspond to £ = (S, V, N) in thermodynamics (7 D). The symplectic structure
can be discussed in parallel for 7D and GR. For example, using the surface term
O1p < s, the conserved Noether current can be introduced as J, <> Je. The
T D analysis suggests that the entropy can be extracted from the Noether charge for
Otp < Q¢

Before closing this section, we would like to emphasize the origin to ensure the con-
servation of the Noether current/charge. In above discussions, any specific properties
of the vector fields are not used. Though the Killing vector-fields will be takes as the
vector filed X in a next section, the conserved current/charge can be obtained for any
vector filed. The continuous symmetry to induce the Noethe’s theorem in this case is
the variational operation with respect to the first canonical form ?”, which caused at
most a term of total derivative as shown in (27). Some examples of the Noether charge
are summarized in “Appendix”. Moreover concrete representations for the Lie deriva-
tive £¢ and contraction ¢ are not important. Algebraic rules for differential forms play
a essential role.

4.2 Application to a Schwarzschild black hole

Let us calculate the Noether charge for the Schwarzschild black hole solution, as our
first example of this method. The Schwarzschild solution is

dsgchw = fS2<:hw(r)dt2 - fs_cﬁw(r)drz

_s2 (d92 + sin ¢ d¢2) , (40)
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20 Page 12 of 24 Y. Kurihara

with a coordinate of x* = (¢, r, 0, ¢), where fszchw(r) = 1—2M/r and M is the mass
of a black hole. The vierbein form can be extracted as

o ( Fsenwdt, foh dr.r do. rsin® d¢) . @1

From the above solutions and the torsionless condition, a unique solution of the spin
form can be obtained [51]:

0-M/r*dt 0O 0
ab 0 Sfschwd0 fschw sin® d¢
PSchw = 0 cos6 d¢ ’ (42)
0

where the lower half is omitted because it is obvious due to the antisymmetry of the
spin form. The Schwarzschild space-time has the following Killing vectors:

£l =(1,0,0,0),
0, 0,0, 1),
£{ = (0, 0,sin¢g, cotf cosg),
£¢ = (0, 0,cos ¢, —cotfsing),

NBY
|
~

(43)

with the natural coordinate bases of {0;, 9,, dp, 95} on the tangent bundle of the global
manifold .# . The first two Killing vectors are trivial because the vierbein forms do
not include any functions of 7 and ¢. The third and fourth vectors satisfy the Killing
equation such that

1 083, 1 953 4 _

0.
r2sin2@ d¢p  r? 06

The second Killing vector is not independent of the third and fourth vectors because
& =& 4 with (0 = £7/4, ¢ =0).

Let us take a closer look at the first Killing vector £{', which is simply denoted as
£ hereafter. In the region » > 2M, outside of the event horizon of a Schwarzschild
black hole, the zeroth component of the vierbein form ¢? is globally a time-like vector.
Therefore, ¢ can be interpreted as the time coordinate in this region. It is expected that
the thermodynamic quantities are related to this Killing vector, because, for example,
the entropy can only be well defined for the thermal-equilibrium state, which is static
with respect to 7. A dual vector of the Killing vector is given by

2M
& = Ny €)' 6,7 V= (1 — T,O, 0, O> ,
and therefore the normalization of the Killing vector is given as
gt =1———>1 (r > 00),
r
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and is null on the event horizon of a black hole. A contraction of the spin form with
respect to the Killing vector can be calculated as

b b b b
™ = o edx" = " = 00,

Therefore, the Noether charge can be obtained as

1 1 GM Mc?
— =—— | —sinfdo Adp = — ) 44
kE / Qg 2kE / 6‘2 s ¢ 2 ( )

Here, we put the factor kg = (47 G /c*) back in front of the Lagrangian in the action
integral and write the physical parameters G, ¢ and % explicitly. By comparing this
result with the thermodynamic result given in the previous section (26), this quantity
can be described using the thermodynamic variables as

Mc?
T = Sschw Tschw (45)

where Sschw and Tschyw are the entropy and temperature of a Schwarzschild black
hole, respectively. A purely classical treatment of the gravity cannot resolve Sschw
and 7schw unambiguously because the temperature of a black hole may appear as a
quantum effect. The semi-classical analysis of a black hole temperature by Hawking
[2] shows the temperature as

B
Ty =——. (46)
C

We use this temperature to extract an expression of the entropy. We note that this
relationship between the temperature and the surface gravity is common to all event
horizons. Subsequently, the black hole entropy Sschw can be obtained as

Mc? M hc -1
SSchw = = 7 s

2Tschw 2 \81GM

_ ASchw (47)
N 412

where Aschw = 4T (2MG /02)2 is the area of the event horizon of a black hole. Here,
the diameter of the event horizon of the hole rschw = 2GM/c? is used. A Hawking
temperature of Tschw = hc3/ (8w GM) can be obtained from (46) and the surface
gravity k = c¢*/(4GM). This entropy is equivalent to the celebrated Bekenstein—
Hawking entropy [1,2] of a Schwarzschild black hole.

The differences between Wald’s original method [7] and the method given here is
as follows: in Wald’s method, the Killing vector was normalized such that the Killing
field had a unit surface gravity. This normalization results in a factor of 4G M /c* in
the Noether charge. (Wald explained in [7] that this normalization makes the Noether
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charge local.) In addition, Wald’s definition of the entropy has a factor of 277 (c/A)! in
front of the surface integration of the Noether charge. Therefore, Wald’s entropy has
an additional factor of 87 GM /lic? compared with our definition, which corresponds
to the inverse temperature of a black hole. This is why the integration of the Noether
charge simply gives the entropy in [7]. From a purely mathematical point of view, the
two methods are equivalent to each other.

4.3 Application to a Kerr—Newman black hole

For the second example, we will treat the general solution of a Kerr—Newman black
hole. The line element of a black hole having a mass M, an angular momentum
J = aM, and an electric charge g can be expressed using the Boyer—Lindquist metric
[60] as [61,62]

A 2 p?
2 __ = oy ein2 P2 2 192
dsix == (dt o sin 0d¢>) + Sodr 4 pldo
1 2
+—25in29[(r2+a2)d¢—adt] , (48)
0

where p = v/r2 + a2 cos? 0 and A = r?> 4+ a? —2Mr + ¢*. The vierbein form can be
read out from the line-element easily. The spin form can be obtained by solving the
torsionless condition with the above vierbein form:

ab

KN
0 r(o(2+q27Mi}+A;(/\;lfr)u2c0529 0+ mé o2 cns?sin@ 0+ aﬁ}cosﬁ 3 wel _ a«/X}cosﬁ 2
_ P 0 P o cog?siHG e1 4 a«/gé:ow 2 @20 s Ap}cos@ €3
0 a\/Zsh;HcmHeO + (r2+a23)col€ 23
0

The event horizon is given as one of the solutions of the equation A = 0 = (r —r4) (r —
r_), which are given as r+ = M 4 /M? — a? — 2. The horizon corresponds to the
larger solution r4. A Kerr—Newman black hole has two Killing vectors of & = 9;,
and &5 = 0y. The Killing vector for the thermodynamic analysis is chosen to be
& = P&t + Bpky, where B, and By are the appropriate normalization factors. We
note that a linear combination of Killing vectors is also a Killing vector. Two cases of
Killing vectors are considered in this work:

t gy _ | {1 S2u}
{ﬁ ’ﬁ } - {{0’ C}, (49)

where Qy = o/ (ri + «?) is the surface angular velocity. A physical constant ¢ (the
speed of light) is written explicitly in (49) for future convenience. In the other parts,

! The factor ¢ /h was restored by the author to make the entropy dimensionless. This factor was not explicitly
written (set to unity) in Eq. (26) in the original paper [7].
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the physical constants are still set to unity. Details of the treatment of the physical
constants are given later in this section. Even though each case corresponds to dif-
ferent thermodynamic processes, the calculations of the Noether charge are the same.
Therefore, in the following, the 8’s are not immediately specified.

The Noether charge with respect to this Killing vector has two non-zero surface
forms of

1 1

=% | %=1 (B@,?)Bp + (B @l)Gyr) (50)

Q¢

[Pl

where the suffix “a” can be ¢ or ¢. Compared with the case of a Schwarzschild black
hole, an additional factor of 1/2 is placed in front of (g 10?) to avoid double counting
owing to the two surface forms that contribute to the results. The other surface forms
are zero at & = /2 and therefore do not contribute to the final results. These two
terms have the following integrands:

1 1
— (B, = — f:(0; B, BP)dO A d
1671(/3 ASICI lén.ft(,ﬂ,ﬂ) Ndt,

(BB = —— f3 0 B, B)d6 A d
16 a )2 = ey O P ’
where the integrand f,(0; 8, ﬂ¢) is given as;

ft(,)qb + ff¢x2 + f;}¢x4
(r_%_ 4 O12)62)2

fr.o(x =cos6; B, B =

—ry (042 + VJZF) [aﬁ"’u(M +ry) — B Mry +q* (B — 043¢)]»
fg o (a2 + ri) [,3¢' (ri(M +ry) +a’ M —ry) — q2r+) — oz,b”M],

f3 = =B = rp) (@ 412,

S
I

and

10 = ars (ap?ri(M +11) = MB'ry + (B - ).
f2 = =o?[(B° (M + 1) + M = i) = gPri) —ap'M ),
fr=a'poM —ry).

Following the 6 and ¢ integrations, the Noether charge is obtained as
Qi = — / 0,8 BO)di + <048, B*) (51
T 2 At g oo
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where @,,,,,(,8’ , B?) can be obtained by integrating a function f1.000; B, B?). The
area of the event horizon of a Kerr—Newman black hole can be obtained as

ARN = / S, = (rer +a2) / sin@dé Ad¢p = 4m (ri +a2) . (52)
Now, we can discuss the thermodynamics of a Kerr—Newman black hole.

4.3.1 A Kerr black hole

First, a Kerr black hole without an electric charge is treated, which can be obtained
by setting ¢ — 0. For the first case of (49), the Killing vector is null at the black hole
surface (“event horizon” = ”Killing horizon”). When « is zero, which corresponds to
non-rotating black holes, the normalization is the same as that for a Schwarzschild
black hole. Therefore, in this case, the Noether charge is expected to be TxnSkN,
where Txn and Skn are the temperature and the entropy of a Kerr—Newman black
hole, respectively
The Noether charge in this case can be obtained as

2

— _mc QK c?
< 5.4, ‘ = VM2 = 2dr, 1,Q ’ _E M=,
TorG 21| = 167 GQ¢( K) 4G ¢

where cQx = ac/ (r% Lt ?) is the angular velocity of the event horizon and rg 4 =

M’ + /M2 — a2 is the diameter of the event horizon. The definition and meaning of
M’ is given below. Here, physical parameters are put back into the expressions, which

can be performed using the following replacements: M — M’ = (i—zM, t — ct,

& — %g,, and by multiplying a factor of ¢*/(47 G). In this unit, & has “length”
dimensions. Therefore, one can confirm that the dimension of ¢Qk is #~!, which is
consistent with its interpretation. Because the angular velocity is constant on the event
horizon (which is the zeroth law of black hole thermodynamics), this can be expressed
as d(wg)/dt = c¢Q2x, where wk is the rotation angle (which is constant) per unit time.
When an integration with respect to time is performed during one cycle of a black
hole’s rotation, one obtains

2
/QKCdt /—dl‘ —f dog = 2.

Therefore the Noether charge can be obtained by summing two charges as Q¢ =

2G M’? — o2 = —Tx Sk. Again, the temperature of the Kerr—Newman black hole,
hor2 —a?—g?

Tkn = —— 53

KN= 3 Ary (r2 +a?) (>3)

is borrowed from [63] and is set to Tk = Tkn(¢ — 0) and r4+ — rg4+. As a

result, the entropy of the Kerr black hole can be extracted as Sx = Ax/ (41,2,), where
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Ak = St M’ (M "N M?— a2> . Therefore, the area theorem for the black hole

entropy is valid for a Kerr black hole.
Next, let us take the second Killing vector, & = cdy. In this case, one can get

A a(o )‘ lJ o dt c
,C == x>
167G =" g0 2K TenG

4

— 1
0, = = Jk,
0p(0.0| =5

where Jx = Mca is the angular momentum of a black hole. After the f-integration,
as before, the Noether charge becomes Q¢ = Jk. The Noether charge for this Killing
vector consists of Jx and 2k, both of which are defined in classical physics, in contrast
to the temperature, which can only be defined via the quantum effect. Because the
angular momentum is correctly obtained as the Noether charge, the method proposed
here is ensured to work correctly. Compared with the thermodynamics developed in
Sect. 3, this may correspond to the isobaric process, which has a “Killing vector” of
v = (0, 1, 0). The Noether charge induced by this Killing vector becomes Qtp =
pV. This result supports the correspondence

pdV (thermodynamics) < Jgdwg (blackhole). 54)
4.3.2 A Kerr—Newman black hole
From (51), the Noether charge for a Kerr—Newman black hole can be obtained as

AN )
2G

SknTky = — Q¢ (1, k) = — , (55)

where the physical constants are written explicitly. The charge ¢ is defined to have a
length dimension. The entropy of a Kerr—-Newman black hole can be singled out using
the Hawking temperature (53) as

rrc3r+(r_2~_ + az)\/m

2(r_%_ —a?—g?)Gh
_ MM + M7 —a? — 2y — g? ) = 2N (56)
= Gh )T

This corresponds to the area theorem for a Kerr—Newman black hole.

3

4.4 Application to de Sitter space

The de Sitter space is one of the cosmological solutions of the Einstein equation,
which has a positive cosmological constant (A > 0) without any matter or gauge
fields. The line element and vierbein forms of the static coordinate solution are similar
to those of the Schwarzschild metrics, (40) and (41). The result can be obtained from
a simple replacement of fSZChw r) — fdzs (ry=1-r%/ Lﬁs, with the coordinate x¢ =
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(t,r,0,¢), where Lgs = /3/A is the radius of the de Sitter horizon. The physical
constants are again written explicitly. We note that the cosmological constant has a
dimension of (length dimension)~2 in this convention. According to this change,
the spin form can be obtained as

Or/Lkcdt 0 0
b — 0 fasdb fassinf d¢
ds = 0 cosO d¢
0

Therefore, the Noether charge with respect to the Killing vector § = 9;/c can be
calculated to be

4 4 4

c c . c"Las
Qe = ——— [ 2Lassin0 do A dp = .
e / “ T lenG / as S ?="36

Together with the surface temperature of the horizon, such that

ths h 1
Tags =—7— = ——

c2m 2me Lgs’
the entropy can be obtained as
c*Las Ads
Sas = = —,
2GTys 4lp

where Ags = 4JTL(2iS is the surface area of the de Sitter horizon. The area theorem is
also valid in this case.

5 Concluding remarks

The method proposed in this work, called the “geometrothermodynamic method (GT-
method)”, is sufficiently general to treat a large variety of gravitational objects that have
event horizons, such as black holes and de Sitter space. The Noether charge associated
with an appropriate Killing vector shows a clear relationship with thermodynamical
objects, such as the temperature and entropy. One advantage of the GT-method is that it
is a purely classical and thermodynamic method that does not assume any (Euclidean)
ensembles. Moreover, its formalism is highly geometrical and can be described in a
coordinate independent way. The same formalism can also be applied to thermody-
namics, and therefore the relationships between the thermodynamics and gravitational
theory are apparent. The resultant entropies obtained using the GT-method are con-
sistent with previous results and confirm the area theorem for black holes and the de
Sitter space.

To understand the GT-method more fully, let us recall a method proposed in [3]
and discussed in [64]. The area of the event horizon of a Kerr—Newman black hole is
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again shown here as A = 4n (2M (M + /M2 —(J/M)? — q2> - q2>, where the
subscript “KN” is omitted from the expression. Here, this relation is considered to be
a state equation with three independent variables, M, J, and ¢, and has a variation
with respect to these variables:

SAM, J,q) = 22 sy + 055 4+ 94,
U=y 97 ag &

One can see after simple manipulations that
—0M = —F§A+ QdJ + ®dq, 57
where

M?2 — a2 — g2 J/M
Fo Lk Ao . / = qr+ '
ri+(J/M)>? ri + (J/M)?

2A

Here 2 and @ correctly correspond to the surface velocity and the electric potential,
respectively. A question that needs to be asked here is what is the relationship between
F and the temperature/entropy. For any black hole, the Hawking temperature and the
area of the horizon have the relationshipof TA = (rJzr — a? — ¢?)/ry. Therefore, one
can easily confirm the relation F' = T /4. Therefore, the first term of the r.h.s. of (57)
can be written as

SA
—F§A = _TT =-—T6S,

with § = A/4. This simple analysis also verifies the area theorem and the first law of
black hole thermodynamics. The implicit assumption in this discussion is that the term
F§A corresponds to the S§7 term in thermodynamics. If we accept that the entropy
of a black hole is only a function of the area and that the temperature is given by
the Hawking radiation, the differential equation dS(A)/d A = 1/4, with a boundary
condition of § = 0 at A = 0 uniquely gives the solution S = A /4.

Conversely, the GT-method does not assume any relationship between the entropy
and the area. The area of the event horizon appears in non-zero components of the
surface form G, in the Noether charge. A second term on the r.h.s. of (57) is given
by the same procedure with a different Killing vector. The reason why the Noether
charge is proportional to the surface form is very simple. In diffeomorphic theory
for a d-dimensional manifold, the Lagrangian form and the Noether current must
be the d-form and the (d — 1)-form, respectively. Therefore, the Noether charge,
which is obtained by integrating the Noether current, must be a (d — 2)-form. In four-
dimensional space-time, the Noether charge is a two-form, which can be expanded by
the bases ¢%! Ae®2 = &"'“. Therefore, the GT-method provides independent evidence
that the entropy can be represented using only the area.

In summary, the GT-method, which can extract thermodynamic quantities from a
large variety of solutions for the Einstein equation with an event horizon, is proposed
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in this work. This method is mathematically consistent with Wald’s method. However,
the relationships between general relativity and thermodynamics are clearer because
abstract thermodynamics can be reconstructed using geometrical terminologies that
are parallel to general relativity.

The discussions given in this work are purely thermodynamic without any statistical
(Euclidean) ensembles. Therefore, the conclusion, for example, that Skn7Tkn of a
Kerr—Newman black hole, such as (55), must be independent of the microscopic details
is expected to be correct, even if the expression of the Hawking temperature will receive
some corrections from the (still-unknown) quantum gravity.
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Appendix: Examples of the Noether charge
Kruscal-Szekeres coordinate
A Shwarzschild black hole can be expressed using Kruscal-Szekers coordinates?

instead of a standard polar coordinate system. A line element squared can be written
in Kruscal-Szekers coordinates x* = (T, X, 0, ¢) as

3
ds? = 475 exp <—1> <de - dXz) —r2d0% — P2 sin0d¢?, (Al
r

s

where ry = 2G M is aradius of an event horizon. A relation between four dimensional
Kruscal-Szekers and polar coordinates is given as;

2tanh (%) = i, (A2)

2 See, for example, section 2.2 in Ref. [69].
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The Noether charge in general relativity (37) can be expressed in this coordinates for
the vector field £# = (67, &x, &9, &p) as;

Er: —dmexp (—%)rs r+ry) X,
Ex:  dmwexp (—rls)rs r+r)T,

& : 4mexp —%)r‘g (TdX — XdT),
£ : —dexp —:T)rf (TdX — XdT),

(A3)

where 6 and ¢ are integrated out, and a bare 6 (not in a € integration) is set to /2.
The function r = r(T, X) can be obtained as a solution of (A2).

Friedmann-Lmeitre-Robertson—-Walker metric

The Friedmann—Lmeitre—-Robertson—Walker (FLRW) metric [65-68] is a homoge-
neous and isotropic solution of the Einstein equation whose line element squared is
given as;

ds® = dt* — Q@t)? (f_l(r)dr +r2do? + r?sin® 0d¢2> ) (A4)

where f(r) = 1 — Kr? and Q(¢) is a scale function. The Noether charge can be
obtained in this coordinates for the vector field §* = (&, &,, &, &) as;

& - 0,

& 4 f (N QN0
{ { ) (AS)
£ =2arf(r)IQ@)dt —2nr? f(r)T2Q(1)*Q1),

st 2rf()IQUDt + 2r2 ()22 QU)dr,

where Q(1) = dS2(t)/dt. Here 0 and ¢ are integrated out, and a bare 0 is set to 7 /2.
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